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Quantum Thermodynamical Equilibrium

Introduction

Closed System under Schrédinger Dynamics

Von Neumann entropy of the

Ground state probability
gas system (2-level system)
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%] Borowski, Gemmer, Mahler, Relaxation to Equilibrium under Pure Schrédinger Dynamics, EPJB 35 (2003)

@ For an intuitive example see www.physik.uni-osnabrueck.de/gemmer/ (Java-Applet by M. Exler)
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Two Partite Systems

Hamiltonian

® H=HI+H+1
S o Weak coupling:

777777777777777 Vi) < (A9), (Ae)

o

Reduced density
operator:

p9 = Trc {|¥) (I}

Container
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Theory of Quantum Thermodynamics

Important Quantities: Entropy and Purity (Entanglement Measure)

Von Neumann Entropy: Purity:
S(p9) = —keTr {p%Inp9} P(p9%) = Tr{(5%)?}
Extreme Values Extreme Values
@ min. entropy: S =0 @ max. purity: P =1
(pure state) (pure state)
@ max. entropy: S = InN @ min. purity: P = 1/N
(totally mixed state) (totally mixed state)
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Theory of Quantum Thermodynamics

Important Quantities: Entropy and Purity (Entanglement Measure)

Von Neumann Entropy: Purity:
S(p%) = —ksTr {5%In 59} P(5%) = Tr{(p9)?}
Extreme Values Extreme Values
@ min. entropy: S =0 @ max. purity: P =1
(pure state) (pure state)
@ max. entropy: S = InN @ min. purity: P = 1/N
(totally mixed state) J (totally mixed state)
Properties

@ in the limit of extreme values entropy and purity map on each other

@ quantities are defined for all possible density operators 59

00 purity/entropy are functions over the Hilbert Space
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Structure of Hilbert Space for bipartite systems [E]

Parametrization of Hilbert Space
) = > (m + 1)) Hilbert Space

Accessible Region (AR)

@ canonical contact: full system energy
conservation

@ microcanonical contact: + energy
conservation in each subsystem /

Accessible Region (AR)

| A\

Hilbert Space Velocity
v =/ (lA2[) — ((w]Af))2 = const.

ot
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Tools for the Investigation of the Hilbert Space

Parametrization

) = 22 (m +ig)li)

Hilbert Space

P(p%) = T{(p%)*} = Tr{(Tre{|v) (¥[})*}

Accessible Region (AR)

Michel, Gemmer, Mahler Quantum Thermodynamics



Quantum Thermodynamical Equilibrium Introduction
Quantum Thermodynamics (J. Gemmer)

Signatures of Thermodynamical Behavior

Theory of Quantum Thermodynamics

Tools for the Investigation of the Hilbert Space

Parametrization

) = 22 (m +ig)li)

Hilbert Space
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Theory of Quantum Thermodynamics

Tools for the Investigation of the Hilbert Space

Parametrization

[9) = 32 (m +i&)Ii)

A\

Hilbert Space

P(p9) =Tr{(p9)?} =P({m.&}) ]
Hilbert Space Average of the Purity
[P] = Jar P({mi, &}) TT; dmdg

fAR Hi dn; d¢; ]

Accessible Region (AR)
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Theory of Quantum Thermodynamics

Tools for the Investigation of the Hilbert Space

Parametrization

[9) = 32 (m +i&)Ii)

A\

Hilbert Space

P=1

P(p%) =Tr{(p9)?} =P({m&})

Hilbert Space Average of the Purity

&

Jag P, & 1) IT; dmdé

[[P]] - fAR Hi dn; d¢; S

v
- - - A ible Regi AR
Hilbert Space Variance of the Purity coessible Region (AR)

A(P) = [P*] - [PI”

.
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Theory of Quantum Thermodynamics

Quantum Thermodynamical Equilibrium: Microcanonical Conditions

Side Conditions (AR)

@ overall energy conservation

@ no energy exchange between gas and container

Gemmer, Michel, Mahler, Quantum Thermodynamics, LNP657 Springer (2004)
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Theory of Quantum Thermodynamics

Quantum Thermodynamical Equilibrium: Microcanonical Conditions

Side Conditions (AR)
@ overall energy conservation
@ no energy exchange between gas and container

-

Hilbert Space

P=1 Investigation of AR

9@ [P] ~ Pmin
@ purity of almost all states
within AR is very close to min.
_ purity
7 @ system will reach max.
entropy

Accessible Region (AR)
Gemmer, Michel, Mahler, Quantum Thermodynamics, LNP657 Springer (2004)
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Theory of Quantum Thermodynamics

Quantum Thermodynamical Equilibrium: Energy Exchange Conditions [E]

Side Conditions (AR)
only overall energy conservation

Hilbert Space

/4

Accessible Region (AR)

Gemmer et al. LNP657 Springer (2004)
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Quantum Thermodynamical Equilibrium: Energy Exchange Conditions [E]

Side Conditions (AR)
only overall energy conservation [P] % Pmin

Hilbert Space

/4

Accessible Region (AR)

Gemmer et al. LNP657 Springer (2004)
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Theory of Quantum Thermodynamics

Quantum Thermodynamical Equilibrium: Energy Exchange Conditions [E]

Side Conditions (AR)
only overall energy conservation J [P] % Pmin

Regions in AR

AR consists of regions with the same energy distribution for the gas system

Hilbert Space

Accessible Region (AR)

Gemmer et al. LNP657 Springer (2004)
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Theory of Quantum Thermodynamics

Quantum Thermodynamical Equilibrium: Energy Exchange Conditions [E]

Side Conditions (AR)

only overall energy conservation J [P] % Pmin

Regions in AR

AR consists of regions with the same energy distribution for the gas system

Hilbert Space

Dominant Region (DR)
@ Region of all states featuring the same
energy distribution for the gas system W %™

@ DR is exponentially larger than all other -
regions

Dominant Region (DR)

/4

Accessible Region (AR)

Gemmer et al. LNP657 Springer (2004)
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Quantum Thermodynamical Equilibrium: Energy Exchange Conditions [E]

Side Conditions (AR)

only overall energy conservation ) [P] % Pmin

Regions in AR

AR consists of regions with the same energy distribution for the gas system

. " Hilbert Space
Dominant Region (DR) 5o

@ Region of all states featuring the same
energy distribution for the gas system W %™

@ DR is exponentially larger than all other -

regions
g D

Hilbert Space Topology /

. . . . . A ible Regi AR
in DR all consideration can be done like in case of ccessible Region (AR)
microcanonical conditions } Gemmer et al. LNP657 Springer (2004)

Dominant Region (DR)
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Quantum Thermodynamical Equilibrium: Canonical Conditions

Dominant Distribution W dom

WM(ES) o N(ESNC(E — EF)
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Quantum Thermodynamical Equilibrium: Canonical Conditions [E]

Note for Canonical Contact

Dominant Distribution W dom

Dominant distribution W %™ is not
wem e « NI(ESNE(E — EO necessarily the Boltzmann distribution
( A) ( A) ( A) Wgom O(eXp(—;f))Eg)
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Theory of Quantum Thermodynamics

Quantum Thermodynamical Equilibrium: Canonical Conditions

Note for Canonical Contact

Dominant distribution W %™ is not
necessarily the Boltzmann distribution
W2 oc exp(—BER)

Dominant Distribution W dom

WM(ES) o N(ESNC(E — EF)

Special Container ES ES E _Ng=96
Exponential increase of the g c
i i 5 55 NS=48
degeneracy in the container — VT
. Cc C C g /,’
system: N°(Eg) x exp(aEg) ES ® ES /NS=24
g c
L /NS=12
0 G INg=6
gas container N¢
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Quantum Thermodynamical Equilibrium: Canonical Conditions [E]

Note for Canonical Contact
Dominant distribution W %™ is not

wem e « NI(ESNE(E — EO necessarily the Boltzmann distribution
( A) ( A) ( A) Wgom O(eXp(—;f))Eg)

Dominant Distribution W dom

Special Container ES ES E _Ng=96
Exponential increase of the e £C
; i 3 3 NS=48
degeneracy in the container — 3
. Cc C C g /,’
system: N°(Eg) x exp(aEg) ES ® ES /NS=24
States in DR = _’,f"Nlez
0 Boltzmann distribution 9 £c /
0 0 HNG=6
gas container N¢

[0 Canonical Contact
Conditions
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Theory of Quantum Thermodynamics

Boltzmann Distribution in a 5-Level-System

1 . . . . . . . 4 —'N§=96

oo 3 ~'NS=48

W 2 ® — _1’1N5:24
; ;

1 _ _";’Nfzu

-0 - JNg:e

gas container N¢

0 200 400 600 800 1000 1200 1400

tze]

Modular Systems

Itis very likely that a container system built up of a great amount of identical
systems (same spectrum) has an exponential increase of degeneracy with
energy.

Borowski, Gemmer, Mahler, EPJB 35 (2003)
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Signatures of Thermodynamical Behavior

Spin Chains: Local Properties

Heisenberg Spin Chain

N—1
ZZUZ(H +)\ZU(M 0(p+1) T eTe e © ® ® o &
=il — — — — * * * - - —
p=1 2 3 4 5 6 7 8 9 10

O weak coupling A <« 1
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Signatures of Thermodynamical Behavior

Spin Chains: Local Properties

Heisenberg Spin Chain

N—1
- o e e — — — — — -
E G2 (p)+A E F(p)-o(u+1) ® ® ® ® ® ® ® ® ®
=il — — — — * *+ *+ * *» —
p= 1 2 3 4 5 6 7 8 9 10

O weak coupling A <« 1

Reduced Density Operator

pu(t) = Truz {0 () (W ()]}
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Signatures of Thermodynamical Behavior

Spin Chains: Local Properties

Heisenberg Spin Chain

N—1
- o e e — — — — — -
E G2 (p)+A E F(p)-o(u+1) ® ® ® ® ® ® ® ® ®
=il — — — — * *+ *+ * *» —
p= 1 2 3 4 5 6 7 8 9 10

O weak coupling A <« 1

— 1

o :
% Reduced Density Operator
& Pu(t) = Truza {9 (1)) (L(t)[}

—— — 126

®

—@— 126

— 84

— 36
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Signatures of Thermodynamical Behavior

Spin Chains: Local Properties

Heisenberg Spin Chain

N—1
ZUZ(N +)\ZU(M 0(p+1) T eTe e © ® ® o &
p= 1 _ = = — % e e & & —
p= 1 2 3 4 5 6 7 8 9 10
O weak coupling A <« 1 )
— 1
o :
% Reduced Density Operator
— pu(t) = Truz {0 () (W ()]}
—&— . —— 126 9 126 '
®+ 126 D —@— 126
p=1 — g4 gas container
— 36
— 9
|
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Signatures of Thermodynamical Behavior

Spin Chains: Local Properties

Heisenberg Spin Chain

N—1
- o e e — — — — — -
E G2 (p)+A E F(p)-o(u+1) ® ® ® ® ® ® ® ® ®
=il — — — — * *+ *+ * *» —
p= 1 2 3 4 5 6 7 8 9 10

O weak coupling A <« 1

4
— 1
o :
% Reduced Density Operator
8 Pu(t) = Truzn {9 (1)) ($(1) [}

+®— 26 +® 126

o
—@— 126 Theoretical Expectation
p=1 gas container

— :: 0 system p = 1 enters the totally
. mixed state
! 0 Wo(1) oc Nf, Wi (1) o< Ng

A\
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Signatures of Thermodynamical Behavior
Spin Chain Result

a ., —@— o — 126
0 N\If\l\ sl Lt 1 A b2y

2 w L U T —®— 12
= gas ]

; container

T gkl 7T Reduced Density Operator
Pu(t) = Trus () (1) [}

A o o e Theoretical Expectation

“IT LR L N R ) iy
‘ WW WY WV O system p = 1 enters the totally
mixed state

0 Wo(1) oc N, Wi (1) o< N§

e &

Wi (p = 5)

um Thermodynamics

Michel, Gemmer, Mahler



Introduction
I A Quantum Heat Conduction Model
Aspects of Local Equilibrium
p a Properties of the Model

An Extension of Kubo Formulas
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@ Introduction
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An Extension of Kubo Formulas

Introduction

Non-Equilibrium Quantum Thermodynamics

Systems Near Equilibrium
@ the route from non-equilibrium initial states to a global equilibrium state
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Introduction

A Quantum Heat Conduction Model
Properties of the Model

An Extension of Kubo Formulas

Aspects of Local Equilibrium

Introduction

Non-Equilibrium Quantum Thermodynamics

Systems Near Equilibrium
@ the route from non-equilibrium initial states to a global equilibrium state
@ local equilibrium states 0 heat conduction )

Heat Conduction

@ no global equilibrium state
(linear temperature gradient)

@ locally the system is in
equilibrium (const. local
temperature)

Heat Conduction Experiment
(Deutsches Museum Munchen)

\
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An Extension of Kubo Formulas

Aspects of Local Equilibrium

9 Aspects of Local Equilibrium

@ A Quantum Heat Conduction Model
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A Quantum Heat Conduction Model

Minimal Quantum Model

Local Hamiltonian
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An Extension of Kubo Formulas

A Quantum Heat Conduction Model

Minimal Quantum Model

Local Hamiltonian

Qloc — ZN, &gu)
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Introduction

A Quantum Heat Conduction Model
Properties of the Model

An Extension of Kubo Formulas

A Quantum Heat Conduction Model

Minimal Quantum Model

Local Hamiltonian

Qloc — ZN,1 &gu)

Aspects of Local Equilibrium

Next Neighbor Interaction
@ Heisenberg Interaction

@ XY Interaction (Forster)
@ Random Interaction

O weak coupling

.

Michel, Gemmer, Mahler m Thermodynamics



Introduction

A Quantum Heat Conduction Model
Properties of the Model

An Extension of Kubo Formulas

Aspects of Local Equilibrium

A Quantum Heat Conduction Model

Minimal Quantum Model

ErA—~I
< BEC ]

Qloc — Z;’\lel 6§u)

Hll

Next Neighbor Interaction

@ Heisenberg Interaction
@ XY Interaction (Forster)
@ Random Interaction

O weak coupling

Environmental Systems

@ too many levels for a complete Schrddinger investigation

@ approximation of environmental systems by Lindblad Formalism (from
Quantum Optics)

Michel, Gemmer, Mahler m Thermodynamics



Introduction
I A Quantum Heat Conduction Model
Aspects of Local Equilibrium ProRe neslonthalMadel

An Extension of Kubo Formulas

A Quantum Heat Conduction Model
Open System Approach: Lindblad Formalism

Liouville-Von-Neumann Equation
dp

a = _I[Hap]
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A Quantum Heat Conduction Model
Properties of the Model

An Extension of Kubo Formulas

A Quantum Heat Conduction Model
Open System Approach: Lindblad Formalism

Liouville-Von-Neumann Equation

dp

Aspects of Local Equilibrium

d

= _I[F'vﬁ]

LvN Equation (Open System)

= —i[H, o] + L + L%

~

dp

dt

.

Michel, Gemmer, Mahler

tum Thermodynamics
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A Quantum Heat Conduction Model
Properties of the Model

An Extension of Kubo Formulas

Aspects of Local Equilibrium

A Quantum Heat Conduction Model
Open System Approach: Lindblad Formalism

Liouville-Von-Neumann Equation
dp Lindblad Operator
a = _i[Haﬁ] @ phenomenological operator
/ @ computation not in n
LvN Equation (Open System) dimensional Hilbert space but
ds in n? dimensional Liouville
d_f = —i[H, o] + L + L% SRR )

Michel, Gemmer, Mahler Quantum Thermodynamics
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A Quantum Heat Conduction Model
Properties of the Model

An Extension of Kubo Formulas

Aspects of Local Equilibrium

A Quantum Heat Conduction Model
Open System Approach: Lindblad Formalism

Liouville-Von-Neumann Equation
dp Lindblad Operator

at —i[H, 7] @ phenomenological operator
@ computation not in n

LvN Equation (Open System) dimensional Hilbert space but
in n? dimensional Liouville

d{[) I[H /] —G—Elp—i—ﬁzA space )

Bath Super Operators

A1 Wi,
£1p W0 550 550 _ 550 _ 5050

2 - POy T pOLTO_" — 0470
Wo_.
Zl(zaf)ﬁa(_”—ﬁa(_”&f) FARAR)

v
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An Extension of Kubo Formulas

A Quantum Heat Conduction Model

Example: Spin and Single Bath

L= —iA 0+ Lp T o
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An Extension of Kubo Formulas

A Quantum Heat Conduction Model
Example: Spin and Single Bath

= —i[A, 3] + Lp T |®

E2
dt

Poperies_____

@ Rates are functions of bath temperature T
and bath coupling strength A

@ Wop_1 <Wi g

Michel, Gemmer, Mahler m Thermodynamics



Introduction

A Quantum Heat Conduction Model
Properties of the Model

An Extension of Kubo Formulas

A Quantum Heat Conduction Model
Example: Spin and Single Bath

Aspects of Local Equilibrium

5 . T
— = —i[H,p] + Lp T | 1| |1
dt J = =
. Y 0)
Properties
@ Rates are functions of bath temperature T Probabilty
and bath coupling strength A !
Q@ Wo_1 <Wio ) . Wo
Stationary State
0.2 Wy
2 4 6 8 IDt

L 1 <W1ﬁ0 0 )
P W0—>l + Wl—>0 0 W0—>l

v
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Properties of the Stationary State

Temperature and Current

LvN Equation: Stationary State

d N A o A
o = iR A+ LA (T0)p+ L2(Te)p = L

stationary state: £po = 0
Gemmer, Michel, Mahler, LNPB57 (2004) O po contains: temperature profile, heat currents
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LvN Equation: Stationary State

dp N A o A
o = iR A+ LA (T0)p+ L2(Te)p = L

stationary state: £po = 0

Gemmer, Michel, Mahler, LNP657 (2004) O po contains: temperature profile, heat currents

Expectation Value

A =Tr{Ap}

Michel, Gemmer, Mahler m Thermodynamics



Introduction
I A Quantum Heat Conduction Model
Aspects of Local Equilibrium .
p a Properties of the Model
An Extension of Kubo Formulas

Properties of the Stationary State

Temperature and Current

E LvN Equation: Stationary State

| T
o = iR A+ LA (T0)p+ L2(Te)p = L

stationary state: £po = 0

Gemmer, Michel, Mahler, LNP657 (2004)

O po contains: temperature profile, heat currents )

Expectation Value

A =Tr{Ap}

-

Temperature

local energy used as a measure for the
local temperature:

T (1) = Tr{poH"(10)}

A\
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Properties of the Stationary State

Temperature and Current
LvN Equation: Stationary State

F e |

Aspects of Local Equilibrium

T
o = iR A+ LA (T0)p+ L2(Te)p = L

stationary state: £po = 0
Gemmer, Michel, Mahler, LNP657 (2004) O po contains: temperature profile, heat currents )

Expectation Value

Current Operator

A=Tr{Ap , -

{Ad} / Equation of continuity for the local
Temperature energy leads to the current operator:
local energy used. as a measure for the EF'IOC(M) [H Hmc(u ]
local temperature: dt

. — J=Lp) _ j(uptl)
T (1) = Tr{poH"* (1)} ’

v
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Fourier's Law Procedure
linear connection between current @ fixed mean temperature
and local temperature difference T=(T14+T2)/2

Q@ AT = (T1 —T»)

J = —RAT Wrtl)
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Fourier's Law
linear connection between current

and local temperature difference

J = —gAT (rtl)
o

Numerical Data

Tmean=0. 00015+
Tmean=0.2015
Tmean=0.4515
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@ fixed mean temperature
T=(T1+T2)/2

@ AT =(T1—-T2) )

Fourier's Law
linear connection between current

and local temperature difference

J = —gAT (rtl)
o

Numerical Data

o
,\<1
| L2 .
o
=
@ Tmean=0.00015 -+
T mean—=
o Tmean=0.2015
- Tmean=0.4515
T(2)—T(3))[AE il AE
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What is F in the thermal case?
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Kubo Formulas

Background (F. Heidrich-Meisner, TU Braunschweig, 22.6.2004)

o Theory of linear response: H=H,+F
o system Hamiltonian, F external perturbational potential

@ linear response of the system: current
@ Ohm’s Law: J = ¢E with o electric conductivity

@ Kubo Formula: microscopic theory for the material constant o electric
conductivity or xy magnetic susceptibility  (kubo, J. Phys. Soc. Jpn. (1957))

@ Direct transfer to thermal conductivity  (Luttinger, Phys. Rev. (1964)) )

Problematic Derivation

What is F in the thermal case?

\

Extension of Kubo Formulas for the Thermal Case
Include heat baths: Theory of Perturbation in Liouville Space

v,
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dp 5.
E—ﬁp with
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Super Operator

@ A super operator acts on
operators of the Hilbert space
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Super Operator

@ A super operator acts on
operators of the Hilbert space

@ Density operators are states
in the Liouville space |p)
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% =Lp with
£ = £ + £Y(T1) + £3(T,) )

Super Operator

@ A super operator acts on
operators of the Hilbert space

@ Density operators are states
in the Liouville space |p)

@ Basis for the Liouville Space
|57)
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0 stationary state po is a global
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operators of the Hilbert space
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@ Density operators are states
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@ Basis for the Liouville Space
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Super Operator equilibrium state

@ A super operator acts on @ Solution of the unperturbed system:
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@ Density operators are states
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@ Basis for the Liouville Space
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L= L% + LY(T1) + L£3(T2)

v
0 stationary state po is a global
Super Operator equilibrium state

@ A super operator acts on @ Solution of the unperturbed system:
operators of the Hilbert space Lolp) = 1i|5)
1) — UIF)

o .Density.ope.rators are states @ Re{l;} < 0for (j > 0): stable
in the Liouville space |p) stationary state jo (Io = 0)

Aspects of Local Equilibrium

@ Basis for the Liouville Space o

) non-orthogonal eigenstates |p;)
Pi

J @ dualbasis: |§') with 3, |3) (7| = 1
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Perturbation Operator

- — LPE = LY(Ty) + £3(T>)
WithT; =T +ATand T, =T — AT

Michel, Gemmer, Mahler, submitted to EPJB (2004)
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Perturbation Theory: Perturbed System

Perturbation Operator

- — LPE = LY(Ty) + £3(T>)
WithT; =T +ATand T, =T — AT

Perturbed Stationary State (local Equilibrium)

=1 ;.0 A
. 5| fper| s
pstat = po+ Ap with Ap=—ATA D M
j=1

1)

Michel, Gemmer, Mahler, submitted to EPJB (2004)
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Temperature Profile and Heat Current

Local Equilibrium Properties

" ) ; Stationary State
@ po contains no profile or current

ﬁstat = ﬁo = Aﬁ
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Temperature Profile and Heat Current

Local Equilibrium Properties
@ po contains no profile or current
@ expectation values as before

Current
Jbeptl) — Tr{j(uywl)Aﬁ}

JUurtD) o AT

the current through the system is
linear in the external perturbation
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Temperature Profile and Heat Current

Local Equilibrium Properties
@ po contains no profile or current
@ expectation values as before
I
JrtD) AT current is independent of the
concrete internal profile

the current through the system is
linear in the external perturbation
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Temperature Profile and Heat Current

Local Equilibrium Properties —
. ; rorie
@ po contains no profile or current

AT = Tr{(RE) — ALY Ap)

Aspects of Local Equilibrium

@ expectation values as before

C— (T

JrtD) AT current is independent of the

) concrete internal profile
the current through the system is <

linear in the external perturbation

Local Temperature Profile

ATHRH o AT

the profile is also linear in the
external perturbation
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Temperature Profile and Heat Current

Local Equilibrium Properties

@ po contains no profile or current
@ expectation values as before

Aspects of Local Equilibrium

Global Properties

JrtD) AT current is independent of the

) concrete internal profile
the current through the system is <

linear in the external perturbation .
Local Properties

Local Temperature Profile material constant conductivity

defined as
AT D) AT J(koutl)
K= ———————
the profile is also linear in the AT (wop+1)
external perturbation ) is independent of AT
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Results
Theoretical Results

@ Formula for current and
temperature profile

VM © romuia for material property
conductivity (k)

o004

Aspects of Local Equilibrium

Liey @ Numerical investigation of the
above mentioned formulas is
showing the correct

ooz

Lo complete solution . i
of LvN equation dependence of the interaction
type
T BTME R ) He|senberg Forster

|
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Summary

Summary
TNgzzoo
@ Emergence of quantum thermodynamical I Q) —+—Ni=100
equilibrium in really small quantum gas —Lng=s0

systems (global equilibrium). container

@ Non-equilibrium quantum
thermodynamics: minimal heat conduction
model (local equilibrium).

@ Outlook: investigation of the route from non-equilibrium
states into equilibrium.
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