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Initial Pure Product State
environment in the
central level

arbitrary initial state for
the system
|ψ(0)〉 ∝ a|0〉 + b|1〉

Michel, Gemmer, Mahler Quantum Thermodynamics



Quantum Thermodynamical Equilibrium
Aspects of Local Equilibrium

Summary

Introduction
Quantum Thermodynamics (J. Gemmer)
Signatures of Thermodynamical Behavior

Introduction
Closed System under Schrödinger Dynamics

PSfrag replacements

|0〉

|1〉

∆E

∆E

∆E
⊗

λ

gas
container

Nc
0=50

Nc
1=100

Nc
2=200

Schrödinger Dynamics

i~
∂

∂t
|ψ〉 = Ĥ|ψ〉
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Borowski, Gemmer, Mahler, Relaxation to Equilibrium under Pure Schrödinger Dynamics, EPJB 35 (2003)

For an intuitive example see www.physik.uni-osnabrueck.de/gemmer/ (Java-Applet by M. Exler)
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Spin Chains: Local Properties

Heisenberg Spin Chain
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Introduction
Non-Equilibrium Quantum Thermodynamics

Systems Near Equilibrium
the route from non-equilibrium initial states to a global equilibrium state

local equilibrium states ➜ heat conduction

Heat Conduction

Heat Conduction Experiment
(Deutsches Museum München)

no global equilibrium state
(linear temperature gradient)

locally the system is in
equilibrium (const. local
temperature)

Michel, Gemmer, Mahler Quantum Thermodynamics



Quantum Thermodynamical Equilibrium
Aspects of Local Equilibrium

Summary

Introduction
A Quantum Heat Conduction Model
Properties of the Model
An Extension of Kubo Formulas

Outline

1 Quantum Thermodynamical Equilibrium
Introduction
Quantum Thermodynamics (J. Gemmer)
Signatures of Thermodynamical Behavior

2 Aspects of Local Equilibrium
Introduction
A Quantum Heat Conduction Model
Properties of the Model
An Extension of Kubo Formulas

Michel, Gemmer, Mahler Quantum Thermodynamics



Quantum Thermodynamical Equilibrium
Aspects of Local Equilibrium

Summary

Introduction
A Quantum Heat Conduction Model
Properties of the Model
An Extension of Kubo Formulas
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Local Hamiltonian
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µ=1 σ̂
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A Quantum Heat Conduction Model
Minimal Quantum Model

Local Hamiltonian

Ĥ loc =
∑N

µ=1 σ̂
(µ)
z

Interaction

ĤH =
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3
∑

i ,j=1
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A Quantum Heat Conduction Model
Minimal Quantum Model

Local Hamiltonian

Ĥ loc =
∑N

µ=1 σ̂
(µ)
z

Next Neighbor Interaction
Heisenberg Interaction

XY Interaction (Förster)

Random Interaction

➜ weak coupling

TT1 2
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A Quantum Heat Conduction Model
Minimal Quantum Model

Local Hamiltonian

Ĥ loc =
∑N

µ=1 σ̂
(µ)
z

Next Neighbor Interaction
Heisenberg Interaction

XY Interaction (Förster)

Random Interaction

➜ weak coupling

TT1 2

Environmental Systems
too many levels for a complete Schrödinger investigation

approximation of environmental systems by Lindblad Formalism (from
Quantum Optics)
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A Quantum Heat Conduction Model
Open System Approach: Lindblad Formalism

T1 T2

Liouville-Von-Neumann Equation

dρ̂
dt

= −i[Ĥ, ρ̂]
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A Quantum Heat Conduction Model
Open System Approach: Lindblad Formalism

T1 T2

Liouville-Von-Neumann Equation

dρ̂
dt

= −i[Ĥ, ρ̂]

LvN Equation (Open System)

dρ̂
dt

= −i[Ĥ, ρ̂] + L̂1ρ̂+ L̂2ρ̂
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A Quantum Heat Conduction Model
Open System Approach: Lindblad Formalism

T1 T2

Liouville-Von-Neumann Equation

dρ̂
dt

= −i[Ĥ, ρ̂]

LvN Equation (Open System)

dρ̂
dt

= −i[Ĥ, ρ̂] + L̂1ρ̂+ L̂2ρ̂

Lindblad Operator
phenomenological operator

computation not in n
dimensional Hilbert space but
in n2 dimensional Liouville
space
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A Quantum Heat Conduction Model
Open System Approach: Lindblad Formalism

T1 T2

Liouville-Von-Neumann Equation

dρ̂
dt

= −i[Ĥ, ρ̂]

LvN Equation (Open System)

dρ̂
dt

= −i[Ĥ, ρ̂] + L̂1ρ̂+ L̂2ρ̂

Lindblad Operator
phenomenological operator

computation not in n
dimensional Hilbert space but
in n2 dimensional Liouville
space

Bath Super Operators

L̂1ρ̂ =
W1→0

2
(2σ̂(1)

− ρ̂σ̂
(1)
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A Quantum Heat Conduction Model
Example: Spin and Single Bath

LvN Equation

dρ̂
dt

= −i[Ĥ, ρ̂] + L̂ρ̂
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A Quantum Heat Conduction Model
Example: Spin and Single Bath

LvN Equation

dρ̂
dt

= −i[Ĥ, ρ̂] + L̂ρ̂

Properties
Rates are functions of bath temperature T
and bath coupling strength λ

W0→1 < W1→0
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A Quantum Heat Conduction Model
Example: Spin and Single Bath

LvN Equation

dρ̂
dt

= −i[Ĥ, ρ̂] + L̂ρ̂

Properties
Rates are functions of bath temperature T
and bath coupling strength λ

W0→1 < W1→0

Stationary State

ρ̂ =
1
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Properties of the Stationary State
Temperature and Current

TT1 2

Gemmer, Michel, Mahler, LNP657 (2004)

LvN Equation: Stationary State

dρ̂
dt

= −i[Ĥ, ρ̂] + L̂1(T1)ρ̂+ L̂2(T2)ρ̂ = L̂ρ̂

stationary state: L̂ρ̂0 = 0

➜ ρ̂0 contains: temperature profile, heat currents
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Properties of the Stationary State
Temperature and Current

TT1 2

Gemmer, Michel, Mahler, LNP657 (2004)

LvN Equation: Stationary State

dρ̂
dt

= −i[Ĥ, ρ̂] + L̂1(T1)ρ̂+ L̂2(T2)ρ̂ = L̂ρ̂

stationary state: L̂ρ̂0 = 0

➜ ρ̂0 contains: temperature profile, heat currents

Expectation Value

A = Tr{Âρ̂}
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Properties of the Stationary State
Temperature and Current

TT1 2

Gemmer, Michel, Mahler, LNP657 (2004)

LvN Equation: Stationary State

dρ̂
dt

= −i[Ĥ, ρ̂] + L̂1(T1)ρ̂+ L̂2(T2)ρ̂ = L̂ρ̂

stationary state: L̂ρ̂0 = 0

➜ ρ̂0 contains: temperature profile, heat currents

Expectation Value

A = Tr{Âρ̂}

Temperature

local energy used as a measure for the
local temperature:

T (µ) = Tr{ρ̂0Ĥ loc(µ)}
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Properties of the Stationary State
Temperature and Current

TT1 2

Gemmer, Michel, Mahler, LNP657 (2004)

LvN Equation: Stationary State

dρ̂
dt

= −i[Ĥ, ρ̂] + L̂1(T1)ρ̂+ L̂2(T2)ρ̂ = L̂ρ̂

stationary state: L̂ρ̂0 = 0

➜ ρ̂0 contains: temperature profile, heat currents

Expectation Value

A = Tr{Âρ̂}

Temperature

local energy used as a measure for the
local temperature:

T (µ) = Tr{ρ̂0Ĥ loc(µ)}

Current Operator
Equation of continuity for the local
energy leads to the current operator:

d
dt

Ĥ loc(µ) = i
ˆ

Ĥ, Ĥ loc(µ)
˜

= Ĵ(µ−1,µ) − Ĵ(µ,µ+1)
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Temperature and Current
Local Temperature Profile for Different Interactions
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Fourier’s Law
Normal Heat Conduction (Heisenberg Chain)

T1 T2

Fourier’s Law
linear connection between current

and local temperature difference

J = −κ∇T
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Fourier’s Law
Normal Heat Conduction (Heisenberg Chain)

T1 T2

Fourier’s Law
linear connection between current

and local temperature difference

J = −κ∆T (µ,µ+1)
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Fourier’s Law
Normal Heat Conduction (Heisenberg Chain)

T1 T2

Fourier’s Law
linear connection between current

and local temperature difference

J = −κ∆T (µ,µ+1)

Procedure
fixed mean temperature
T = (T1 + T2)/2

∆T = (T1 − T2)
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Fourier’s Law
Normal Heat Conduction (Heisenberg Chain)

T1 T2

Fourier’s Law
linear connection between current

and local temperature difference
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Kubo Formulas

Background (F. Heidrich-Meisner, TU Braunschweig, 22.6.2004)

Theory of linear response: Ĥ = Ĥ0 + F̂
Ĥ0 system Hamiltonian, F̂ external perturbational potential
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Theory of linear response: Ĥ = Ĥ0 + F̂
Ĥ0 system Hamiltonian, F̂ external perturbational potential

linear response of the system: current
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Background (F. Heidrich-Meisner, TU Braunschweig, 22.6.2004)

Theory of linear response: Ĥ = Ĥ0 + F̂
Ĥ0 system Hamiltonian, F̂ external perturbational potential

linear response of the system: current

Ohm’s Law: ~J = σ~E with σ electric conductivity
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Kubo Formulas

Background (F. Heidrich-Meisner, TU Braunschweig, 22.6.2004)

Theory of linear response: Ĥ = Ĥ0 + F̂
Ĥ0 system Hamiltonian, F̂ external perturbational potential

linear response of the system: current

Ohm’s Law: ~J = σ~E with σ electric conductivity

Kubo Formula: microscopic theory for the material constant σ electric
conductivity or χ magnetic susceptibility (Kubo, J. Phys. Soc. Jpn. (1957))
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Kubo Formulas

Background (F. Heidrich-Meisner, TU Braunschweig, 22.6.2004)

Theory of linear response: Ĥ = Ĥ0 + F̂
Ĥ0 system Hamiltonian, F̂ external perturbational potential

linear response of the system: current

Ohm’s Law: ~J = σ~E with σ electric conductivity

Kubo Formula: microscopic theory for the material constant σ electric
conductivity or χ magnetic susceptibility (Kubo, J. Phys. Soc. Jpn. (1957))

Direct transfer to thermal conductivity (Luttinger, Phys. Rev. (1964))
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Kubo Formulas

Background (F. Heidrich-Meisner, TU Braunschweig, 22.6.2004)

Theory of linear response: Ĥ = Ĥ0 + F̂
Ĥ0 system Hamiltonian, F̂ external perturbational potential

linear response of the system: current

Ohm’s Law: ~J = σ~E with σ electric conductivity

Kubo Formula: microscopic theory for the material constant σ electric
conductivity or χ magnetic susceptibility (Kubo, J. Phys. Soc. Jpn. (1957))

Direct transfer to thermal conductivity (Luttinger, Phys. Rev. (1964))

Problematic Derivation

What is F̂ in the thermal case?
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Kubo Formulas

Background (F. Heidrich-Meisner, TU Braunschweig, 22.6.2004)

Theory of linear response: Ĥ = Ĥ0 + F̂
Ĥ0 system Hamiltonian, F̂ external perturbational potential

linear response of the system: current

Ohm’s Law: ~J = σ~E with σ electric conductivity

Kubo Formula: microscopic theory for the material constant σ electric
conductivity or χ magnetic susceptibility (Kubo, J. Phys. Soc. Jpn. (1957))

Direct transfer to thermal conductivity (Luttinger, Phys. Rev. (1964))

Problematic Derivation

What is F̂ in the thermal case?

Extension of Kubo Formulas for the Thermal Case
Include heat baths: Theory of Perturbation in Liouville Space

Michel, Gemmer, Mahler Quantum Thermodynamics
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➜ stationary state ρ̂0 is a global
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LvN Equation

dρ̂
dt

= L̂ρ̂ with

L̂ = L̂sys + L̂1(T1) + L̂2(T2)

Super Operator

A super operator acts on
operators of the Hilbert space

Density operators are states
in the Liouville space |ρ̂)

Basis for the Liouville Space
|ρ̂j)

Unperturbed System: T1 = T2 = T

➜ stationary state ρ̂0 is a global
equilibrium state

Solution of the unperturbed system:
L̂0|ρ̂j) = lj |ρ̂j)

Re{lj} < 0 for (j > 0): stable
stationary state ρ̂0 (l0 = 0)

non-orthogonal eigenstates |ρ̂j)

dual basis: |ρ̂j ) with
P

j |ρ̂j )(ρ̂
j | = 1̂
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T1 T2

Perturbation Operator

L̂per = L̂1(T1) + L̂2(T2)
with T1 = T + ∆T and T2 = T − ∆T

Perturbed Stationary State (local Equilibrium)

ρ̂stat = ρ̂0 + ∆ρ̂ with ∆ρ̂ = −∆Tλ
n2−1
∑

j=1

(ρ̂j |L̂per|ρ̂0)

lj
|ρ̂j)

Michel, Gemmer, Mahler, submitted to EPJB (2004)
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expectation values as before

Current
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the current through the system is
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Local Temperature Profile
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Global Properties
current is independent of the
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T1 T2

Local Equilibrium Properties
ρ̂0 contains no profile or current

expectation values as before

Current

J(µ,µ+1) ∝ ∆T

the current through the system is
linear in the external perturbation

Local Temperature Profile

∆T (µ,µ+1) ∝ ∆T

the profile is also linear in the
external perturbation

Global Properties
current is independent of the
concrete internal profile

Local Properties
material constant conductivity
defined as

κ = −
J(µ,µ+1)

∆T (µ,µ+1)

is independent of ∆T
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Numerical investigation of the
above mentioned formulas is
showing the correct
dependence of the interaction
type
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Emergence of quantum thermodynamical
equilibrium in really small quantum
systems (global equilibrium).

Non-equilibrium quantum
thermodynamics: minimal heat conduction
model (local equilibrium).
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Outlook: investigation of the route from non-equilibrium
states into equilibrium.
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