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The determinant of this matrix can be evaluated and reads

det F = rd−1 sind−2(φ1) sind−3(φ2) · · · sin(φd−2) . (A.5)

The volume element transforms according to

d∏

i=1

dxi = |det F| dr
d−1∏

i=1

dφi

= rd−1dr sind−2(φ1)dφ1 · · · sin(φd−2) dφd−2 dφd−1

= rd−1dr dΩ . (A.6)

Now we evaluate the integral in spherical coordinates, too,

I(d) =

∫ ∞

0

e−r
2

rd−1dr

∫

dΩ . (A.7)

The last integration is just the surface O(1, d) of the hypersphere, and we
find by evaluating the first one

I(d) =
Γ (d2 )

2
O(1, d) . (A.8)

The surface of the hypersphere with radius R = 1 is

O(1, d) =
2I(d)

Γ (d2 )
=

2π
d
2

Γ (d2 )
. (A.9)

If we evaluate the surface of a hypersphere with radius R, we have to renor-
malize the exponent in (A.2) by 1

R2 , finding I(d) = πd/2Rd. Additionally,
replacing the radius variable of the generalized spherical coordinate r 7→ r

R

and integrating (A.7), we find I(d) = 1
2RΓ (d2 )O(R, d), and thus

O(R, d) =
2π

d
2

Γ (d2 )
Rd−1 . (A.10)

A.2 Integration of a Function on a Hypersphere

To integrate a polynomial function over the hypersphere surface one can use
the same approach as in the last Section. Consider the function

J. Gemmer, M. Michel, G. Mahler

Quantum Thermodynamics



A.2 Integration of a Function on a Hypersphere 249

f(xi, xj) = (xi)
l(xj)

k with l, k ≥ 0 , (A.11)

and the integration
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)Rd+l+k . (A.12)

We switch to generalized spherical coordinates, as in the previous section,
which transforms the function (A.11) into

f(xi, xj) 7→f({ r
R
, φ1, . . . , φd−1})

=

(

r

R

i−1∏

i′=1

sinφi′ cosφi

)l(

r

R

j−1
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sinφi′ cosφj

)k

=
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)l ( r

R

)k

(zi({φi′}))l(zj({φi′}))k , (A.13)

and the integral into

I(d) =

∫ ∞

0

e−
r2

R2

( r

R

)d+l+k−1

dr

∫

(zi({φi′}))l(zj({φi′}))kdΩ . (A.14)

Here we are interested in the last integral, Z(R, d, l, k). From

I(d) =
RΓ (d+l+k2 )

2
Z(1, d, l, k) (A.15)

we find

Z(R, d, l, k) =
2I(d)

RΓ (d+l+k2 )

=
π

d−2
2

2
(1 + (−1)l)(1 + (−1)k)

Γ ( l+1
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2 )

Γ (d+l+k2 )
Rd+l+k−1 .

(A.16)

Note that Z(R, d, 0, 0) = O(R, d) and that all integrals are zero, if either l or
k is odd. Here we need some special and normalized integrals only
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O(R, d, l, k) :=
Z(R, d, l, k)

Z(R, d, 0, 0)
, (A.17)

O(R, d, 0, 1) = O(R, d, 1, 1) = 0 , (A.18)

O(R, d, 0, 2) =
R2

d
, (A.19)

O(R, d, 2, 2) =
R4

d2 + 2d
, (A.20)

O(R, d, 0, 4) =
3R4

d2 + 2d
. (A.21)

A.3 Sizes of Zones on a Hypersphere

We now evaluate the area on a hypersphere with radius 1, wherein a special
subsidiary condition as a function of parameter W is fulfilled. We thus con-
sider a hyperspace sph(ntot) in the space of dimension ntot = d1+d2 with the
cartesian coordinates {x1, . . . , xd1 , y1, . . . , yd2} and the overall normalization

sph(ntot) :
d1∑

i=1

x2
i +

d2∑

i=1

y2
i = 1 . (A.22)

The above mentioned subsidiary condition for the coordinates reads

sph(d1) :
d1∑

i=1

x2
i = W , (A.23)

obviously also a hypersphere, now with radius
√
W (W = [0, 1]). From the

normalization and from (A.23) we find for the y coordinates

sph(d2) :
d2∑

i=1

y2
i = 1 −W , (A.24)

again a hypersphere sph(d2) with radius
√

1 −W .
To evaluate the area on sph(ntot), in which the additional subsidiary

condition (A.23) is fulfilled, we integrate over the whole space, accounting
for the constraints by two δ-functions

O(sph(d1)) =

∫

δ

(
d1∑
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)

δ

(
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x2
i +

d2∑
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y2
i − 1

)
∏

i

dxi
∏

j

dyj .

(A.25)

Because of the special structure of the problem (two hyperspheres sph(d1)
and sph(d2), respectively) we switch to generalized spherical coordinates in
the x subspace as well as in the y subspace



Merksätze
1. Die klassische Thermodynamik kann vollständig aus der Quantentheorie aufgebaut

werden, d. h. irreversibles Verhalten (2. Hauptsatz der Thermodynamik) bestimmter
Systeme (thermodynamische Systeme) folgt bereits aus der Schrödingergleichung
ohne zusätzliche Annahmen.

2. Zentrale zusätzliche Eigenschaft in der Quantenmechanik ist der Aufbau von Ver-
schränkung zwischen System und Umgebung, die es klassisch nicht gibt.

3. Thermodynamisches Verhalten ist schon in erstaunlich kleinen Systemen zu finden.


