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Zur Begrundung der Thermostatistik aus der

Kanonisches Gleichgewicht
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(b) Zeitentwicklung der Entropie
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16 Lionville's theorem

The phase flow of Hamilton's squations preserves phase volume. 1L fsllows, Tor example, that s
himblionkan system cannol be asympiotically stahle

For simplicity we look at the case in which the hamiltonian function does
not depend explicitly on the time: H = Hip, q).

A The phase flow
Drefinition. The 2u-dimensional space with coordinates py, ...y Poi 12 -0 dla
is called phase space.

Examrrn. Tn the case n = 1 (his is the phase plane of the system £ = — 80/ fix,
which we congidered in Section 4.

Just as in this simplest example, the right-hand sides of Hamilton's
equations give a vector feld: at each point (p, q) of phase space there is o
In-dimensional vector (— 3113, dH/0p). We assume thal every solution of
Hamilion's equations can be extended 1o the whale time anis!

Delivition. The phase fow is the one-parameter group of transformations
of phase space

g’ (w0, ql03) - (plr), ali)),
where p(t) and gif) are solations of Hamillon's system of eguations
(Fignre 47).

Proneos. Show that {g'] is a group.

—

Pk gl

W TN

—— g

Figiire 47  Phase ow

Figure 48 Conservation of valume

I Lioumille's theorem

Theorem L. The phase flow preserves volume : for any region D we hove (Figure
48)
vofume of g'ld = polume of 1.

We will prove the following slightly more general proposition also
e 1o Liouville.

Suppose we are given a system of ondinary dilferential equations
&= M(x), X = (x,..., %), whose solution may be extended to the whole
timne anis, Let {g'] be the corresponding group of transformations:

(1 g'x) = x + [x)e + 0%, (-0
Let D{0) be a region in x-space and «{0) ils volume;
1) = volume of Dr) D{1) = g" D).

Theorem 2. If div [ = 0, then g' preserves volume: p(t) = w0},

C Proof

Lenmma L. {dofdt)],wg = (o dividxe (dx = dx; -« dx,),

Proor, For any ¢, the Fnrm.u!a for changing variables in a multiple integral

gives

)= [ det 2% .

njay ﬂr:
Caleulating dg's/ix by formula (1), we find
fg'x i | 3
T EIa;l'l O{*) ast— 0. ]

We will now use a well-known algebeaic Gt
Lemma 2, For any mairix A = In,jll,
det|E+ dil =1 +tir d+ 003,  1-+0,

where tr A = Y5, ay, is the trace of A (the sun of the diagenal elensents).

(The prool of Lemma 2 is obtained by a direct expansion of U deter-
minant: we get 1 and n terms in £ the remaining terms involve (2, ¢, ete.)
Using this, we have

dy'x il 4
el ——m= 1+ urﬁ + ).

But ir iy = Y7, /8x, = div [ Therefore,

W) = LU+ e div - O ]dx,
[LRIN]

which proves Lemma 1, ]

PrOOF OF THEOREM 2, Bince ¢ = 1, is no worse than ¢ = 0, Lemma | can be

wrilten in the form
-'M']'L - J div T dx,
di |y Dito

and if divl = 0, dofde = 0.

]
In particular, for Hamilton's equations we have
i i ar d [dH
I - = | =
= ( ﬂq‘] ' ﬂu(ﬂr)
This proves Liouville's theorem {Theorem 1), ]

¥ For thia it fs sufficiens, for enample, st the level sets of 1 be conpace,



248 A Hyperspheres

J. Gemmer, M. Michel, G. Mahler

Quantum Thermodynamics

A.2 Integration of a Function on a Hypersphere

To integrate a polynomial function over the hypersphere surface one can use
the same approach as in the last Section. Consider the function



A.2 Integration of a Function on a Hypersphere 249
f(xi,x;) = () (x;)" with 1,k>0, (A.11)

and the integration

1 d
I(d) = </]Rd f(xzﬁxj)exp(_ﬁ ZQ?%) dej'
j/

i'=1
1
:/d(l'z)l((pj)kexp<_ﬁ x%) de]/
R i'=1 3’
a2 g o [ ! a? = k xf
=72 R /_Oo(xi) exp| — 73 dxi/_oo(xj) exp| — 73 dx;
a—21 l+1 k+1
=72 Z(1+(—1)1)F(T)(1+(—1)’“)]“(?)]%‘””’“. (A.12)

We switch to generalized spherical coordinates, as in the previous section,
which transforms the function (A.11) into

f(l'l‘,l'j) '_)f({%7¢17'~'7¢d71})

i1 ! j—1
= (; H sin ¢/ cos gzﬁi) (; H sin ¢,/ cos ¢j>
i'=1

=1

k

r r

= (5) (%) Gatton) Gitdon ) (A1)

and the integral into

o= [T () @ [Eto eientae. (i

Here we are interested in the last integral, Z(R,d, [, k). From

RIT d+il+k
we find
21(d)
Z(R,d, 1, k) =
RIT d-‘ré-&-k)
= (A p(ktL) B
= 50+ DY+ (D))= 2 d+l+k§ RAFIHE-L
2
(A.16)

Note that Z(R,d,0,0) = O(R,d) and that all integrals are zero, if either [ or
k is odd. Here we need some special and normalized integrals only
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O(R,d,1,k)

O(R,d,0,1) = O(R,d,1,1) =0,

O(R,d,0,2)
O(R,d,2,2)

O(R,d,0,4)

Z(R,d,1,k)
Z(R,d,0,0)’

R2
:7’

R4
T @2+2d’
_ 3R*
Cd242d

(A.17)
(A.18)

(A.19)
(A.20)

(A.21)



Merksatze

1.

Die klassische Thermodynamik kann vollstdndig aus der Quantentheorie aufgebaut
werden, d. h. irreversibles Verhalten (2. Hauptsatz der Thermodynamik) bestimmter
Systeme (thermodynamische Systeme) folgt bereits aus der Schrodingergleichung
ohne zusitzliche Annahmen.

Zentrale zusétzliche Eigenschaft in der Quantenmechanik ist der Aufbau von Ver-
schrénkung zwischen System und Umgebung, die es klassisch nicht gibt.

Thermodynamisches Verhalten ist schon in erstaunlich kleinen Systemen zu finden.



